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Abstract. In this paper, we establish the stability result for the k-cubic functional equation
2[kf(x + ky) + f(kx — y)] = k(& + D[f(x + y) + f(x — y)] + 2(k* = 1) f(y),

where k is a real number different from 0 and 1, in the setting of various £-fuzzy normed spaces that in
turn generalize a Hyers-Ulam stability result in the framework of classical normed spaces. First we shall
prove the stability of k-cubic functional equations in the £-fuzzy normed space under arbitrary f-norm
which generalizes previous works. Then we prove the stability of k-cubic functional equations in the non-
Archimedean L-fuzzy normed space. We therefore provide a link among different disciplines: fuzzy set
theory, lattice theory, non-Archimedean spaces and mathematical analysis.

1. Introduction

The study of stability problems for functional equations is related to a question of Ulam [45] concerning
the stability of group homomorphisms and it was affirmatively answered for Banach spaces by Hyers [25].
Subsequently, the result of Hyers was generalized by Aoki [5] for additive mappings and by Th.M. Rassias
[34] for linear mappings by considering an unbounded Cauchy difference. The paper [34] of Th.M. Rassias
has provided a lot of influence in the development of what we now call Hyers-Ulam-Rassias stability of
functional equations. The interested readers for more information on such problems are referred to the
works [7-12, 26, 30, 36, 37].

The functional equation

20kf(x + ky) + flkx = y)] = k(& + DIf(x + ) + f(x = ] +2(k* = 1) f(y) 1)

where k is a real number different from 0 and 1, is said to be the k-cubic functional equation which is introduced
by the second author.

Note that, if we replace x = y = 0 in the equation (1), then we get f(0) = 0. Therefore, setting x = x
and y = 0 in the equation (1), we obtain f(kx) = (k*)f(x), i.e., f(x) = kx® is its solution. Every solution of
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the k-cubic functional equations is said to be a cubic mapping. The stability problem for the cubic functional
equations was studied by Jun and Kim [28] for mappings f : X — Y, where X is a real normed space and
Y is a Banach space. Later, a number of mathematicians worked on the stability of some types of cubic
equations [19, 20, 29, 34, 46]. Furthermore, Mirmostafaee, Mirzavaziri and Moslehian [32], Alsina [4], Mihet
and Radu [31] investigated the stability in the settings of fuzzy, probabilistic and random normed spaces.

2. Preliminaries

In this section, we recall some definitions and results which are needed to prove our main results.

A triangular norm (shorter t-norm) is a binary operation on the unit interval [0, 1], i.e., a function T :
[0,1] x [0,1] — [0, 1] such that the following four axioms are satisfied: for all a,b,c € [0, 1],

(1) T(a,b) =T(b,a) (- commutativity);

(2) T(a,(T(b,c))) = T(T(a,b),c) (: associativity);

(3)T(a, 1) =a (: boundary condition);

(4) T(a,b) < T(a,c) whenever b < ¢ (- monotonicity).

Basic examples are the Lukasiewicz t-norm Ty, Tr(a,b) = max{a + b — 1,0} for all 4,b € [0,1] and the
t-norms Tp, Ty, Tp, where Tp(a, b) := ab, Tas(a, b) := min{a, b},

| min{a, b}, if max{a,b}=1;
Tp(a,b) := { 0, otherwise.
If T is a t-norm then ng‘) is defined for all x € [0,1]and n > O by 1, if n = 0 and T(x(T”_l),x), ifn>1. A

t-norm T is said to be of HadZi¢-type (we denote by T € H) if the family {x(;)} is equicontinuous at x = 1 (cf.
[22]).

Other important triangular norms are (see [23]):
(1) The Sugeno-Weber family {T5"}\e-1,0] is defined by TV = T, TS¥ = Tp and

x+y—1+Axy}

Tﬁw(x, y) = max {O, T30

if A € (-1, 0).
(2) The Domby family {T’AD }Ae[0,00] defined by Tp, if A =0, Ty, if A = oo and
1

L+ (5 + (FHH

TIA) (x,y) =
if A € (0, 00).
(3) The Aczel-Alsina family {T44},cj0,.00) defined by Tp, if A =0, Ty, if A = co and
TA4(x, y) = ¢~(log ' +Hlog y)'*
if A € (0,00).

A tnorm T can be extended (by associativity) in a unique way to an n-array operation taking for
(x1,-++ ,x,) € [0,1]" the value T(xy,- - - , x,) defined by

T xi =1, T x = T(T i, x) = T(xa, -+, X).

The t-norm T can also be extended to a countable operation taking, for any sequence {x,} in [0, 1], the
value

T;’zlxi = &gl")lo T?zlxi. (2)
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The limit on the right side of (2) exists since the sequence {T/ x;},,>1 is non-increasing and bounded from
below.

Proposition 2.1. ([23]) (1) For any T > T}, the following implication holds:
Hm TS X =1 = 2(1 — %) < co.
n=1

(2) If T is of HadZié-type, then
lim T;’ilxnﬂ =1

n—oo

for any sequence {x,} in [0,1] such that lim,_,c x, = 1.
(3) If T € (T4 0,000 U {T 1e(0,00), then

M TR =1 e ) (1-x)" <.
n=1
(4) IfT S {Tiw}/\e[—l,oo); then

m TR0 =1 e ) (1-x) <.
n=1

3. L-Fuzzy Normed Spaces

The theory of fuzzy sets was introduced by Zadeh in 1965 [47]. After the pioneering work of Zadeh, there
has been a great effort to obtain fuzzy analogues of classical theories. Among other fields, a progressive
development has been made in the field of fuzzy topology [3, 15-17, 24, 39]. One of the problems in .£-fuzzy
topology is to obtain an appropriate concept of L-fuzzy metric spaces and L-fuzzy normed spaces. Saadati
and Park [40], respectively, introduced and studied a notion of intuitionistic fuzzy metric (normed) spaces
and then Deschrijver, Saadati and et. al. generalized the concept of intuitionistic fuzzy metric (normed)
spaces and introduced and studied a notion of L-fuzzy metric spaces and L-fuzzy normed spaces (se
[13, 41]).

In this section, we give some definitions and related lemmas for our main results.
Definition 3.1. ([18]) Let £ = (L, <1) be a complete lattice and U be a nonempty set called the universe. A
L-fuzzy set A on U is defined as a mapping A : U — L. For each u in U, A(u) represents the degree (in L)
to which u satisfies A.
Lemma 3.2. ([14]) Consider the set L* and operation <[. defined by:

L* = {(x1,x2) : (x1,%2) € [0, 117 and x; + x, < 1},

(x1,%2) <1+ (Y1, 42) = x1<y1and x2 > y>
forall (x1,x2), (y1,y2) € L*. Then (L*, <) is a complete lattice.
Definition 3.3. ([6]) An intuitionistic fuzzy set A, onauniverse U is an object A¢,, = {(Ca(u), na(u)) : u € U},

where, for all u € U, Ca(u) € [0,1] and na(u) € [0, 1] are called the membership degree and the non-membership
degree, respectively, of u in A, and, furthermore, satisfy Ca(u) + na(u) < 1.
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In section 2, we presented the classical definition of -norm, which can be easily extended to any lattice
L =(L,<y). Define first 0y = inf L and 1 = sup L.

Definition 3.4. A triangular norm (shortly, t-norm) on £ is a mapping 7 : L?> — L satisfying the following
conditions:

(1) T(x,1g) =xforallx € L (: boundary condition);

() T(x,y) =T (y,x) forall (x,y) € L> (: commutativity);

(B) T (x, T (y,2)) = T (T (x,y),2) for all (x,y,z) € L* (: associativity);

@ x<pxandy<y = T(xy) <L T, y)forall (x,x’,y,y’) € L* (: monotonicity).

A t-norm can also be defined recursively as an (1 + 1)-array operation (n > 1) by 7! = 7~ and
Ty, X)) = T (T (X)), Xne)
forall n > 2 and x(; € L.
The t-norm M defined by

x ifx<py,

M(x, y) :{ yify < x,

is a continuous t-norm.

Definition 3.5. A t-norm 7~ on L* is said to be t-representable if there exist a t-norm T and a t-conorm S on [0, 1]
such that

T (x,y) = (T(x1,y1), S(x2, y2))
forall x = (x1,x2),y = (y1,y2) € L".

Definition 3.6. A negation on L is any strictly decreasing mapping N : L — L satisfying N(0g) = 1 and
N(yg) =0z If N(N(x)) = x for all x € L, then N is called an involutive negation.

In this paper, let N : L — L be a given mapping. The negation N; on ([0, 1], <) defined as Ny(x) =1 —x
for all x € [0, 1] is called the standard negation on ([0, 1], <).

Definition 3.7. The 3-tuple (V,P,7) is said to be a L-fuzzy normed space if V is a vector space, 7 is a
continuous t-norm on .L and P is a L-fuzzy set on V x (0, +o0) satisfying the following conditions: for all
x,y € Vandt,s € (0, +o0),

(1) O <1 P(x,1);

(2) P(x,t) =1gif and only if x = 0;

(3) Plax, t) = P(x, &) forall a # 0;

(4) T(P(x/ t)/ ¢)(]// S)) <L P(x + y/t + S);

(5) P(x,) : (0,00) — L is continuous;

(6) limy—o P(x, t) = 0, and lim;o P(x, t) = 1.

In this case, P is called a L-fuzzy norm. If # = $,, is an intuitionistic fuzzy set and the t-norm 7~ is
t-representable, then the 3-tuple (V,P,,,, 7) is said to be an intuitionistic fuzzy normed space (IFN-space) (see
[40] and [43]).

Definition 3.8. (1) A sequence {x,} in X is called a Cauchy sequence if, for any ¢ € L \ {0z} and ¢ > 0, there
exists a positive integer 1y such that
N(e) <t P(xnﬂz — Xp, t)

for alln > ng and p > 0.

(2) If every Cauchy sequence is convergent, then the L-fuzzy norm is said to be complete and the L-fuzzy
normed space is called a L-fuzzy Banach space, where N is an involutive negation.

(3) The sequence {x,} is said to be convergent to a point x € V in the L-fuzzy normed space (V,P,7")

(denoted by x;, N x) if P(x, — x,t) — 1, whenever n — +oo forall t > 0.
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Lemma 3.9. ([43]) Let P be a L-fuzzy norm on V. Then
(1) P(x,t) is nondecreasing with respect to t forall x € V.
2) Px—y,t) =Py —x,t) forallx,y € Vand t € (0, +o0).

Definition 3.10. Let (V,$,7) be a L-fuzzy normed space. For any t € (0, +o0), we define the open ball
B(x,r,t) with center x € V and radius r € L\ {0z, 11} by

Blx,r,t)={y e V: N(r) <p P(x -y, 1)}.

4. Stability Result in £L-fuzzy Normed Spaces

In this section, we study the stability of functional equations in £-fuzzy normed spaces.

Theorem 4.1. Let X be a linear space and (Y, P, T") be a complete L-fuzzy normed space. If f : X — Y is a mapping
with f(0) = 0 and Q is a L-fuzzy set on X* x (0, c0) with the following property:

PQRIKf(x +ky) + fllx = )] = k(k + DIf(x + y) + fx = ] = 2(* = Df(y), )
21 Q(x,y, %) 3)

If

T QU™ 0, K32+ p)) = 1,
and

lim Q(K"x, K"y, ) =1,
forallx,y € Xand t > 0, then there exists a unique k-cubic mapping C : X — Y such that

P(F() = C), 1) =1 T3 (QKx, 0,k%+2H)). (4)

Proof. We brief the proof because it is similar as the random case [1], and [48] also [2]. Putting y = 0 in (3),
we have

k)
755

- fl), t) > Qx,0,K%t).

Therefore, it follows that

(K*lx)  fx) | |
(fk?’(T B fkT o | =L Q(k/x, 0, K>+ D)

for all j > 1 and t > 0. By the triangle inequality, it follows that
fk")

P(mr — f1) 20 T QK x,0,K%21). 5)
In order to prove the convergence of the sequence {f (kli,:x) }, we replace x with k"x in (5) to find that, for
allm,n >0,
f(kn+mx) f(kmx) n i+m—1 i+3m+2
7)( ) fam 't) 21 T QU™ 0, K2 24)).
Since the right hand side of the inequality tends to 1, as m tends to oo, the sequence {f (kk;i,")} is a Cauchy

sequence. Thus we may define C(x) = limy e ’% for all x € X. Replacing x,y with k"x and k"y,

respectively, in (3), it follows that C is a k-cubic mapping. To prove (4), take the limit as 7 — oo in (5).
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To prove the uniqueness of the k-cubic mapping C subject to (4), let us assume that there exists another
k-cubic mapping C’ which satisfies (4). Obviously, we have C(k"x) = kK*"C(x) and C’(k"x) = k**C’(x) for all
x € X and n > 1. Hence it follows from (4) that

P(Cx) - C'(), 1)
>, P(C(k"x) - C'(K"x), k3V't)
> T(P(C(knx) - f(knx),k?an—lt), P(f(k"x) _C'(K"), 23n—1t))
2L T(ﬁ;(@(k"”_lx, 0,3 2i%1 ), 77 (Q(k™ 1, 0, K321 t))
=T (gl =1g
for all x € X. This proves the uniqueness of C. This completes the proof.

Corollary 4.2. Let (X, Py, T) be IFN-space and (Y, P, T") be a complete IFN-space. Let f : X — Y be a
mapping such that

Pl x + ky) + flkx = ] = kG2 + DIFGx+ y) + £ = )] = 20 = DF), B
, t
>1x P W (x +y, E)
forall t > 0 in which
lim (7-~lo=o1 (P//J’,V’ (kn+i71x, k3n+2i+1 t)) =1
forall x,y € X. Then there exists a unique k-cubic mapping C : X — Y such that
Prp(f0) = C), 1) 21 TE (P (K2, 2721)).

Proof. In Theorem 4.1, put Q(x,y,t) = 'y (x + y,t). Therefore, all the conditions of Theorem 4.1 hold
and so there exists a unique k-cubic mapping C : X — Y such that

Pu(F) = CO0), 1) 21 T (P o (K71, 221).
Now, we give one example to illustrate the main results of Theorem 4.1, as follows:
Example 4.3. Let (X, || - ||) be a Banach algebra space, (X, #,,,, M) be IFN-space in which
t || )

Puv(x,t) = ,
o0 = (P 7

and (Y, Py, M) be a complete IFN-space for all x € X. Define a mapping f : X — Y by f(x) = x® + xo,
where xg is a unit vector in X. A straightforward computation shows that

Py Ikf(x +ky) + flkx — Y] — kG + D[f(x + y) + flx = y)] - 2(* = 1) f(y), 1)
t
> Py,v (x + Y, E)
for all t > 0. Also, we have
lim MY (P (K™ 24 ) = lim lim M (P, (x, 2" 42E)

Nn—>00 Mm—>00

= lim lm P,.(x, k")

Nn—>00 Mm—>00

= lim P,.(x, K3t
n—o0

= 1p.

Therefore, all the conditions of Theorem 4.1 hold and so there exists a unique k-cubic mapping C: X — Y
such that

P (F(0) = Cx), 1) =1 P, K1),
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5. Non-Archimedean £-fuzzy Normed Spaces

In 1897, Hensel [27] introduced a field with a valuation in which does not have the Archimedean
property.
Definition 5.1. Let K be a field. A non-Archimedean absolute value on K is a function |- | : K — [0, +o0) such
that, for any a,b € K,

(1) |al > 0 and equality holds if and only if a = 0;

(2) labl = |allbl;

(3) la + bl < max{lal, |bl]} (: the strict triangle inequality).

Note that || < 1 for each integer n. We always assume, in addition, that | -| is non-trivial, i.e., there exists
ag € K such that |ag| # 0, 1.

Definition 5.2. A non-Archimedean L-fuzzy normed space is a triple (V,P,7), where V is a vector space, 7 is
a continuous t-norm on .£ and P is a L-fuzzy set on V x (0, +00) satisfying the following conditions: for all
x,y € Vandt,s € (0,+c),

(1) 0z <1 P(x, );

(2) P(x,t) =1y if and only if x = 0;

(3) Plax,t) = P(x, ﬁ) forall a # 0;

4) T (P(x, 1), P(y,s)) <t P(x + y, max{t,s});

(5) P(x,-) : (0,00) > L is continuous;

(6) limy—0 P(x,t) = 0y and lim;—,o P(x, t) = 1.

Example 5.3. Let (X, || - |[) be a non-Archimedean normed linear space. Then the triple (X, #, min), where

o, if <l
P“”‘{L if > |,

is a non-Archimedean .£-fuzzy normed space in which L = [0, 1].

Example 5.4. Let (X, ||]]) beis anon-Archimedean normed linear space. Denote 7(a, b) = (min{ay, b1}, max{az, b,})
foralla = (a1,a2),b = (b1, by) € L* and let P, be the intuitionistic fuzzy set on X X (0, +c0) defined as follows:

t [l )

t 1l £+ [l

Pwmﬂ=(

for all t € R*. Then (X, Py, 7M) is a non-Archimedean intuitionistic fuzzy normed space.

6. L-Fuzzy Hyers-Ulam-Rassias Stability for k-cubic Functional Equations in Non-Archimedean /£-
fuzzy Normed Space

Let K be a non-Archimedean field, X be a vector space over K and (Y,?,7") be a non-Archimedean
L-fuzzy Banach space over K. In this section, we investigate the stability of the k-cubic functional equation

@.

Next, we define a L-fuzzy approximately k-cubic mapping.

Let W be a L-fuzzy set on X x X X [0, o0) such that W(x, y, ) is nondecreasing,

W(cx, cx, t) = \P(x, X, é)
forallx e Xand ¢ # 0 and
lim W,y f) = 1

forallx,y € Xand t > 0.
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Definition 6.1. A mapping f : X — Y is said to be W-approximately k-cubic if

PRIKf(x +ky) + flex = ] = k(K> + DIF(x + ) + flx = ] = 204 = Df(y), )
> W (x,y, &) (6)

forallx,y € Xand t > 0.
Here, we assume that k # 0 in K (i.e., the characteristic of K is not k).

Theorem 6.2. Let K be a non-Archimedean field, X be a vector space over K and (Y,P,T") be a non-Archimedean
L-fuzzy Banach space over K. Let f : X — Y be a V-approximately k-cubic mapping. If there exist & € R (a0 > 0)
and an integer € > 2 with |k’| < a and |k| # 1 such that

Wk x, k‘fy, t)y = Y(x, y,at) (7)

forall x € X and t > 0 and
tim 72 M(x, 28] 21
ases L=\ g ) T L

forall x € X and t > O, then there exists a unique k-cubic mapping C : X — Y such that

i+1
P(f(x) — C(x), t) = 7-;‘:1M (x/ DFTJ) (8)

forall x € X and t > 0, where
M(x, t) == T(¥(x,0,t), P(kx,0,t), -, Pk x,0,1)
forallx € Xandt > 0.

Proof. First, we show, by induction on j, that, forallx € X, t >0and j > 1,
P(f(kx) = T f(x), £) =1 Mj(x, £) := T (W(x,0,t), -+, W(K'x, 0, 1)). )
Putting ¥ = 0 in (6), we obtain
P(fkx) — K f(x),t) 2 W(x,0,t)

for all x € X and t > 0. This proves (9) for j = 1. Let (9) hold for some j > 1. Replacing y by 0 and x by k/x
in (6), we get

P x) — K f(Kx), t) > W(k/x,0,t)
for all x € X and t > 0. Since |K3| < 1, it follows that
PR x) =1 f(x), 1)
21 T(PUFI1x) = K f(k), 1), PUE F(llx) = KT £(x), 1))

= T(PFK"x) ~ R fG3Ix), 1), P (f (Kx) =K f(x), ﬁ))

2L T(PFI1x) = K f(x), £), P (f(x) = T £ (), 1))
> T (W(k/x,0,t), M;(x, )
= Mj+1 (x/ t)
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forall x € X and t > 0. Thus (9) holds for all j > 1. In particular, we have
P(f(K'x) =K f(x), 1) 21 M(x, t) (10)
for all x € X and t > 0. Replacing x by k-**9x in (10) and using the inequality (7), we obtain

Pl () - ) ) 2 Ml ) 2 My

forallxe X,t > 0and n > 0 and so

o o an+l an+1
((kg ' ((kf)n) &y ((kf)nﬂ) ) = M (x' 00y t) > M("’ |<kf>n|t)
forall x € X, t > 0 and n > 0. Hence it follow that
30\n 130+
((k ) f( (W) (K0 f((kw) t)
>, n+p (P((k%)]f((kf)j) (k3[)j+pf((kg W)) t))

7, 2
> . -
e (x’ K )

forallx € X, t > 0 and n > 0. Since lim;,_, 7'j°;’nM(x, Igcj_[;lflt) =1yforallx e Xand t >0, {(k%)nf((k‘%)}new
is a Cauchy sequence in the non-Archimedean £-fuzzy Banach space (Y,P,7). Hence we can define a

mapping C : X — Y such that

1im7>((k3f)"f( (k‘)") C(x), )_1_,; (11)

n—oo

forallxe Xandt > 0. Next, foralln >1,x € Xand t > 0, we have

(- 009 () )
( Nl R ((kf>f+l)’]
11— i+ X
o))

_ 1+1t
>L 7:-=0 M (x, W)

and so
P(f(x) — C(x), 1) (12)

zL‘T(P(f(X) (k“)”f((kc)n) ), PR f((kg)n) C<x>,t>)

o l+lt o
>LP(T M ( |kf’|l) (s ((kf)n) C(x)’t))‘

Taking the limit as n — oo in (12), we obtain

i+1
PUF(X) — CO0 1) 2 T M(x, ”|‘k—[,|t)
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which proves (8). As 7 is continuous, from a well known result in £-fuzzy (probabilistic) normed space
(see [44], Chapter 12), it follows that

lim P20k f (k" (x + ky)) + fE" (e = ky))]
—KOK( + DIF(K (x + y)) + F(R (= )] = 287K = D F("y), b)
= PRIKC(x + ky) + C(kx — y)] - k(k* + )[C(x + y) + C(x — y)] - 2(k* - HC(y), )
for almost all t > 0.
On the other hand, replacing x, y by k~%'x, k="y in (6) and (7), we get
P20k f (k" (x + ky)) + fk" (x = ky))]
—OK( + DIF(K (x + y)) + FIR " (x = )] = 287K = D) F(("y), 1)

a%ﬂ%wmt)

|k3f|n
at
>L v (x, Y, W)

forall x,y € X and t > 0. Since lim;,_,.o ¥ (x, Y, %) = 1., we infer that C is a k-cubic mapping.
Finally, for the uniqueness of C, let C’ : X — Y be another k-cubic mapping such that

P(C'(x) = f(x), 1) 2L M(x,t)
forallx e Xand t > 0. Then we have, forall x € Xand t > 0,
P(C(x) - C'(x),t)

L T(P(C(x) - (K" f ( (kg)n) b, PK*)" f ( (kf-’)n)

Therefore, from (11), we conclude that C = C’. This completes the proof.

Corollary 6.3. Let K be a non-Archimedean field, X be a vector space over K and (Y, P,T") be a non-Archimedean
L-fuzzy Banach space over K under a t-norm T € H. Let f : X — Y be a W-approximately cubic mapping. If there
exista € R (a > 0), |k| # 1 and an integer € > 2 with |k| < a such that

Wk x, kly, 1) 21 W(x, y, at)

cmnﬂ

forall x,y € Xand t > 0, then there exists a unique k-cubic mapping C : X — Y such that

forall x € X and t > 0, where
M(x, t) = T(W(x,0,1), W(kx,0,1),-- , W (k'"'x,0,1)
forallx € Xandt > 0.

Proof. Since

alt
mM( |k|ff) i

forallx € Xand ¢t > 0 and 7 is of HadZi¢ type, it follows from Proposition 2.1 that

. alt
t 7y s i) 12
forall x € X and f > 0. Now, if we apply Theorem 6.2, we get the conclusion. This completes the proof.

Now, we give an example to validate the main result as follows:
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Example 6.4. Let (X, || - |[) be a non-Archimedean Banach space, (X, #,,,, 7m) be non-Archimedean £-fuzzy
normed space (intuitionistic fuzzy normed space) in which

t llxll )

Pl f) = (——,
o) = (o 3

forallx € Xandt > 0 and (Y, P, 7m) be a complete non-Archimedean £-fuzzy normed space (intuitionistic
fuzzy normed space) (see Example 5.4). Define

t 1
o0 =y g)

It is easy to see that (7) holds for a = 1. Also, since

t 1
M(W—(m'nt)'
we have
it t
tim i Mo i) =t s 75 M o i )

lim 1i t k|
= limlim|——, ———
n—oom—oo \ f + |kf|ﬂ t+ |k[|ﬂ

= (1,0) =1

forallx € Xand t > 0. Let f : X — Y be a W-approximately k-cubic mapping. Therefore, all the conditions
of Theorem 6.2 hold and so there exists a unique k-cubic mapping C : X — Y such that

¢
Puv(f(x) = C(x),t) > ( t k] )

t+|KE| t+ (K

forallx € Xandt > 0.

7. Conclusion

We established the Hyers-Ulam-Rassias stability of the k-cubic functional equations (1) in various fuzzy

spaces. In section 4, we proved the stability of functional equations (1) in a £-fuzzy normed space under
an arbitrary t-norm which is a generalization of [33]. In section 6, we proved the stability of functional
equations (1) in a non-Archimedean £-fuzzy normed space. Therefore, we provided a link among three
various discipline: fuzzy set theory, lattice theory and mathematical analysis.
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